Abstract. We classify equivariant topological complex vector bundles over real projective plane under a compact Lie group (not necessarily effective) action. It is shown that nonequivariant Chern classes and isotropy representations at (at most) three points are sufficient to classify equivariant vector bundles over real projective plane except one case. To do it, we relate the problem to classification on two-sphere through the covering map because equivariant vector bundles over two-sphere have been already classified.
Introduction
In the previous paper [Ki] , we have classified equivariant topological complex vector bundles over S 2 . In this paper, we classify equivariant topological complex vector bundles over real projective plane. This explains for one of two exceptional cases of [Ki] .
We will consider only projective linear actions on real projective plane. We explain for this. Real projective plane RP 2 is defined as R 3 \ (0, 0, 0) ∼ where the equivalence relation ∼ is given by (x, y, z) ∼ (λx, λy, λz)
for nonzero real number λ, and let o : S 2 → RP 2 be the usual covering map. The projective linear group PGL(3, R) is defined as the quotient group GL(3, R) Z GL(3, R) where Z GL(3, R) is the center of GL(3, R), and let o GL(3, R) : GL(3, R) → PGL(3, R)
be the qutient map. Let PGL(3, R) act usually on RP 2 . For a compact Lie group G, a topological G-action on RP 2 is called projective linear if the action is given by a continuous homomorphism ρ : G → PGL(3, R). Since PO(3, R) = o GL(3,R) O(3) is a maximal compact subgroup of PGL(3, R), we henceforward may assume (1.1) ρ(G) ⊂ PO(3, R).
In Section 2, we show that a topological action on RP 2 by a compact Lie group is conjugate to a projective linear action.
To state main results, we need introduce some terminologies and notations. Let a compact Lie group G act projective linearly (not necessarily effectively) on RP 2 through a homomorphism ρ : G → PGL(3, R) to satisfy (1.1). Let Vect G (RP 2 ) be the set of isomorphism classes of topological complex G-vector bundles over RP 2 . For a bundle E in Vect G (RP 2 ) and a point x in RP 2 , denote by E x the isotropy G x -representation on the fiber at x. Put H = ker ρ, i.e. the kernel of the G-action on RP 2 . Let Irr(H) be the set of characters of irreducible complex H-representations which has a G-action defined as (g · χ)(h) = χ(g −1 hg) for χ ∈ Irr(H), g ∈ G, h ∈ H. For χ ∈ Irr(H), an H-representation is called χ-isotypical if its character is a multiple of χ. We slightly generalize this concept. For χ ∈ Irr(H) and a compact Lie group K satisfying H ⊳ K < G and K · χ = χ, a K-representation W is called χ-isotypical if res K H W is χ-isotypical, and we denote by Vect K (RP 2 , χ) the set
where RP 2 delivers the restricted K-action. As in [Ki] , our classification is reduced to Vect Gχ (RP 2 , χ) for each χ ∈ Irr(H). Details are found in [CKMS, Section 2] .
The classification of Vect Gχ (RP 2 , χ) is highly dependent on the G χ -action on the base space RP 2 . So, we would list all possible actions on RP 2 up to conjugacy in terms of covering action, and then assign an equivariant simplicial (or CW) complex structure on RP 2 to each action when ρ(G χ ) is finite. For these, we first introduce some polyhedra in R 3 . Let P m for m ≥ 3 be the regular m-gon on xy-plane in R 3 whose center is the origin and one of whose vertices is (1, 0, 0). And, (1) |K m | is defined as the boundary of the convex hull of P m , S = (0, 0, −1), N = (0, 0, 1), (2) |K T | is defined as the regular tetrahedron which is the boundary of the convex hull of four points (
3 ), and which is inscribed to |K 4 |, (3) |K I | is defined as a regular icosahedron which has the origin as the center. With these, denote natural simplicial complex structures on |K m |, |K T |, |K I | by K m , K T , K I , respectively. It is well-known that each closed subgroup of SO(3) is conjugate to one of the following subgroups [R, Theorem 11]: (1) Z n generated by the rotation a n through the angle 2π/n around z-axis, (2) D n generated by a n and the rotation b through the angle π around x-axis, (3) the tetrahedral group T which is the rotation group of |K T |, (4) the octahedral group O which is the rotation group of |K 4 |, (5) the icosahedral group I which is the rotation group of |K I |, (6) SO(2) which is the set of rotations around z-axis,
O(2) which is defined as SO(2), b ,
for g ∈ G χ which is defined by (1.1). And, define the homomorphism
where Z is the centralizer {id, − id} of O(3) and we denote − id ∈ Z by g 0 to avoid symbolic confusion. In Section 2, it is shown that each compact subgroup of PGL(3, R) is conjugate to ı(R) for anR-entry of and their subgroups act usually on R 3 . Then, the underlying space |KR| ofKR is invariant under theR-action on R 3 so that |KR| inherits theR-action from whicĥ KR also carries the inducedR-action. And,KR and |KR| deliver the (G χ ×Z)-action throughρ. These actions induce R-and G χ -actions on |KR|/Z. Then, (G χ × Z)-and G χ -actions on |KR| and |KR|/Z are equal to (G χ × Z)-and G χ -actions on S 2 and RP 2 when we regard |KR| and |KR|/Z as S 2 and RP 2 , respectively. And, we regard o as the orbit map from |KR| to |KR|/Z. We can give a natural equivariant simplicial (or CW) complex structure on |KR|/Z so that o is an equivariant cellular map. Sometimes, we consider the restricted G χ -action on S 2 and |KR|. 
For i ∈ Z 3 , denote by e i be the edge connecting v i and v i+1 , and by f i the face which is adjacent to f −1 and contains the edge e i . We distinguish the superscripts −1 and 2 only for f
Here, we define one more simplicial complex denoted by K O which is the same simplicial complex with K 4 but has the same convention of notations . With these notations, we explain forDR-entry of Table 1.1. To each finiteR, we assign a pathDR (called the (closed) one-dimensional fundamental domain) in |KR| which is listed in the third column of Table 1 .1 where b(σ) is the barycenter of σ for any simplex σ and [x, y] is the shortest path in the underlying space |K| for any simplicial complex K and two points x, y in |K|. And, letd 0 andd 1 be boundary points ofDR such thatd 0 is nearer to v 0 thand 1 . For each finiteR, we define one more pointd −1 ∈ |KR| which is listed in the fourth column in Table 1 .1. IfR is one-dimensional, then denote byDR the one point set {v 0 = (1, 0, 0)}, and letd
Similarly, ifR is three-dimensional, then denote byDR the one point set {S}, and letd
1 are wanted points of RP 2 according toR, and we will consider the restriction
We define the semigroup which will be shown to be equal to the set of all the restrictions. IfR is finite, let C(d i ) be the shortest path in |KR| connectingd
respectively.
iii) res
is defined in a different way with A Gχ (S 2 , χ) of [Ki] . But, these two definitions are defined in the exactly same way by [Ki, Lemma 3.10.] .
Theorem A. Assume that ρ(G χ ) is equal to R for someR of Table 1 .1 except Z n with odd n. Then, p ′ vect is an isomorphism. Theorem B. Assume that ρ(G χ ) = R forR = Z n with odd n. Then, the preimage p
. Also, the following hold:
(1) if χ(id) is even, then Chern classes of two elements of p
as semigroups, and Vect R (RP 2 ) is generated by line bundles. Also, A R (RP 2 , id) is generated by all the elements with one-dimensional entries where we simply denote by id the trivial character of the trivial group. The number of such elements in
This paper is organized as follows. In Section 2, we list all closed subgroups of PGL(3, R) up to conjugacy, and show that a topological action on RP 2 by a compact Lie group is conjugate to a projective linear action. Also, we show that p ′ vect is well-defined. In Section 3, we prove Theorem A through covering action. In Section 4, we prove Theorem B and Corollary 1.3 through equivariant clutching construction.
Compact subgroups of PGL(3, R)
In this section, we list all compact subgroups of PGL(3, R) up to conjugacy, and show that a topological action on RP 2 by a compact Lie group is conjugate to a projective linear action. Also, we show that p ′ vect is well-defined. First, we define covering action of the G χ -action on RP 2 . We call G χ × Z and its action on S 2 throughρ the covering group of G χ and the covering action of the G χ -action on RP 2 , respectively. Here, we note that two kernels of the (G χ × Z)-action on S 2 and the G χ -action on RP 2 are equal because ı is injective. By using covering action, we list all closed subgroups of PGL(3, R) up to conjugacy.
Proposition 2.1. Each compact subgroup of PGL(3, R) is conjugate to one of R for someR-entry in Table 1 .1.
Proof. Let K be an arbitrary compact subgroup of PGL(3, R), and let ρ : K → PGL(3, R) be the inclusion. We may assume that K ⊂ PO(3, R) by (1.1). Since the codomain ofρ is equal to SO(3), the image ofρ is conjugate to one of
This shows that the image of ρ is conjugate to one of R for someR-entry in Table  1 .1 because ı is injective. So, we obtain a proof. Now, we prove that a compact Lie group action on RP 2 is conjugate to a projective linear action.
Proposition 2.2. If a compact Lie group G act topologically on RP 2 , then it is conjugate to a projective linear action.
Proof. By [B, Theorem I.9 .3], the G-action on RP 2 has a covering G ′ -action on S 2 where G ′ satisfies a short exact sequence
for some homomorphism pr and the
It is well-known that a topological action on S 2 by a compact Lie group is conjugate to a linear action [Ko, Theorem 1.2] , [CK] . By using this, we may assume that the G ′ -action is linear, and we obtain a proof.
To prove well-definedness of p ′ vect , we state a basic lemma. Lemma 2.3. Let G be a compact Lie group acting topologically on a topological space X. And, let E be an equivariant vector bundle over X. Then, g E x ∼ = E gx for each g ∈ G and x ∈ X. Also,
′ in the same component of the fixed set X Gx∩G x ′ .
Proposition 2.4. p ′ vect is well-defined. Proof. To show well-definedness, we should show that (
By the first statement of Lemma 2.3, (E d i ) i∈I + satisfies Definition 1.1.iv). The remaining are Definition 1.1.ii), iii). These are satisfied by the second statement of Lemma 2.3.
3. Relation between equivariant vector bundles over RP 2 and S 2 .
In this section, we investigate the relation between semigroups Vect Gχ (RP 2 , χ)
and Vect Gχ×Z (S 2 , χ), and the relation between A Gχ (RP 2 , χ) and A Gχ×Z (S 2 , χ). By these, we can prove Theorem A.
The first relation is easy. Pullback through the covering map gives the semigroup homomorphism
This is an isomorphism because the Z-action on S 2 is free and RP 2 ∼ = S 2 /Z, see [S, p. 132] . Since equivariant vector bundles over S 2 have been classified in [Ki] , we can classify equivariant vector bundles over RP 2 by using this isomorphism. This is the reason whyKR of Table 1 .1 is defined as the simplicial complex KR of [Ki, Table 1 .1]. In [Ki, Section 3] , it is shown that the (G χ × Z)-action on R 3 throughρ preservesKR and its underlying space |KR|. Also, it is shown that the (G χ × Z)-orbit ofDR covers the underlying space |K , and thatDR is a minimal path satisfying such a property.
Next, we would show that A Gχ (RP 2 , χ) is isomorphic to A Gχ×Z (S 2 , χ). For this, we state an easy lemma on isotropy subgroups of G χ and G χ × Z. For anyx ∈ S 2 and x = o(x), let
be the projection to the first components. And, let p *
Lemma 3.1. For any pointsx,ŷ in S 2 and their images x = o(x), y = o(ŷ) in RP 2 , the following hold
is injective for i ∈ I,
and (g, g 0 ) fixesx because g ·x = ±x. So,
Now, we prove injectivity of p 1
. Pick arbitrary two elements (g, g j 0 ) and
, then j should be equal to j ′ . This shows injectivity. (2) and (3) are obtained by applying (1) to each pointx in C(d i ) andDR. (4) is easy by definition of pullback.
be the map defined as
, Lemma 3.1 says that the element P 1 (W) satisfies Definition 1.
It is easily shown that there exists g in G χ × Z such that gd 0 =d 1 if and only if there exists
g Wd 0 ∼ = Wd 1 . So, P 1 (W) satisfies Definition 1.1.iv), and P 1 (W) is contained in A G×Z (S 2 , χ) . Similarly, we can also show that P 1 has an inverse. Now, we can prove Theorem A.
Proof of Theorem A. Observe that p [Ki] . Note that O, p vect , P 1 are all isomorphisms by (3.1), [Ki, Theorem C] , Proposition 3.2, respectively. Therefore, p ′ vect is also an isomorphism.
Proof of Theorem B
In this section, we deal with the case ofR = Z n with odd n. In this case, we can check that 
Figure 4.1. π :K 2n → K 2n when n = 3
In Table 1 .
and by K N 2n the upper part. Denote by B the set {S, N }, and byK 2n the disjoint union
. The (G χ × Z)-action and its restricted G χ -action on K 2n induce (G χ × Z)-and G χ -actions onK 2n and |K 2n | where the G χ -action onK 2n preservesK q 2n . Then, K 2n can be regarded as a quotient ofK 2n . This is expressed by the simplicial map π :
is the identity to K q 2n for q ∈ B. Denote by |π| : |K 2n | → |K 2n | the underlying space map of π. Easily, π and |π| are (G χ × Z)-maps. Here, we introduce the following notations:
for q ∈ B and i ∈ I. Also, let c :P 2n →P 2n be the map satisfying c(x) =x and |π|(x) = |π|(c(x)) for eachx ∈P 2n . It is easy that c is (G χ × Z)-equivariant. In this time, we do the similar thing for |K 2n |/Z.
′ | is a cellular G χ -map, and we consider |K 2n |/Z as the quotient of
So defined maps |π ′ | andō satisfy the commutative diagram (4.1). Now, we describe equivariant vector bundles over |K 2n |/Z as an equivariant clutching construction of an equivariant vector bundle over |K R |, and then do the similar thing for equivariant vector bundle over
, and that both (G χ ) S and (
) be an arbitrary continuous map which is called a preclutching map with respect to F where Iso means the set of nonequivariant isomorphisms. We try to glue F alongP
forx ∈P 
. A preclutching map satisfying these two conditions is called an equivariant clutching map with respect to F. By (4.2), two elements of p ′−1 vect (W) can be constructed in this way. We do the similar thing for equivariant vector bundle over |K 2n |. LetF be the (G χ × Z)-bundleō * F over |K 2n |. Easily,F is equal to the equivariantly trivial bundle |K 2n | × p *
vect P 1 (W) because |K 2n | is equivariant homotopically equivalent to the set B ⊂ |K 2n |. Let Φ :P 2n → Iso(p * 1 W d −1 ) be an arbitrary continuous map. We call it a preclutching map with respect toF . We try to glueF alongP 2n
forx ∈P 2n and u ∈ p * 
. Details on equivariant clutching construction can be found in [Ki, Section 4] .
Let ΩF and Ω F be sets of equivariant clutching maps with respect toF and F, respectively. To use results of [Ki] , we need relate Ω F to ΩF . Consider the map
. Then, we have the following:
Lemma 4.1. q Ω is a well-defined one-to-one correspondence.
Proof. First, we show that q Ω (Φ) for eachΦ is actually contained in Ω F . Put Φ = q Ω (Φ). For this, we show that Φ satisfies Condition E1 ′ ., E2 ′ . Condition E1 ′ . is proved as follows:
. And, Condition E2 ′ . is proved as follows:
is contained in Ω F . Second, we construct the inverse of q Ω to show bijectivity of it. Consider the map
We show thatΦ = q −1 Ω (Φ) for each Φ is actually contained in ΩF . For this, we show that Φ satisfies Condition E1., E2. Condition E1. is proved by definition ofΦ. We prove Condition E2. only whenx ∈P S 2n andḡ = gg 0 for some g ∈ G χ as follows:
where we use equivariance of c. Proof of Condition E2. for otherx's andḡ's is proved similarly. Since q Ω and q
−1
Ω are inverses of each other, we obtain a proof.
For convenience in calculation, we parameterize each Proof of Theorem B. We obtain the first and second statement through the isomorphism (3.1) because the preimage p −1 vect P 1 (W) contained in Vect Gχ×Z (S 2 , χ) has two elements by [Ki, Theorem B] . In [Ki, Proof of Theorem B] , these two are described as equivariant clutching constructions ofF via equivariant clutching maps Φ,Φ ′ with respect toF satisfying the following: (t) = σ ∨ (σ tr ) −1 (t) for t ∈ [0, 2] andΦ ′ is equivariant, we also havē
for an integer 0 ≤ i ≤ n − 1 and t ∈ [2i, 2i + 2] whereρ(g 1 ) = a n . Put Φ = q Ω (Φ) and Φ ′ = q Ω (Φ ′ ). By Lemma 4.1, they are equivariant clutching maps with respect to F. Denote by E and E ′ the equivariant vector bundles determined by Φ and Φ ′ , respectively. It is easy that the E is equivariantly trivial. Since Φ ′ is equivariant, it is determined by its values on the half [0, n] ofP by the isomorphism (3.1). It is easy that Vect R (RP 2 ) is generated by line bundles and that A R (RP 2 , id) is generated by all the elements with one-dimensional entries by [Ki, Theorem D] . Since R x = id for each x ∈ o(P 2n ), any triple (
id) if and only if
W d i 's are same dimensional. So, the number of all the elements in A R (RP 2 , id) with one-dimensional entries is equal to n because R d −1 ∼ = Z n and R d 0 = R d 0 = id . Therefore, we obtain a proof.
